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Abstract There is a solution to the problem of asymptotic completeness
in many body scattering theory that offers a specific view of the quantum
unitary dynamics which allows for the straightforward introduction of lo-
cal time for every, at least approximately closed, many-particle system. In
this approach, Time appears as a hidden classical parameter of the unitary
dynamics of a many-particle system. We show that a closed many-particle
system can exhibit behavior that is characteristic for open quantum systems
and there is no need for the ”state collapse” or environmental influence. On
the other hand, closed few-particle systems bear high quantum coherence.
This local time scheme encompasses concepts including ”emergent time”,
”relational time” as well as the ”hybrid system” models with possibly in-
duced gravitational uncertainty of time.
1. Introduction
A solution to the problem of asymptotic completeness in the many-body
scattering theory offers a specific view of the quantum unitary dynamics.
The important work of Enss [1,2] opened the door for new methods in solv-
ing the problem. On this basis, the later elaboration due to Kitada [3,4]
allowed Kitada [5-7] to introduce the notion of local time, that is a dynamics
generated by the Hamiltonian of the local system that can serve as a [local]
”clock”.
The notion of local time or ”multi-time” is not a new idea. Mainly moti-
vated by relativity, a separate time coordinate for every particle in a compos-
ite system has been introduced, see e.g. Refs.[8,9] and the references therein.
It is also shown that the ”timeless” Wheeler-DeWitt equation:
H(x)|Ψ〉 = 0, (1)
follows if one assumes the existence of a preferred foliating family of spacelike
surfaces in spacetime [10].
On closer inspection, such ad hoc schemes for local time face serious ob-
stacles in nonrelativistic quantum context. For example, it can be shown,
that ”Multi-time Schro¨dinger equations cannot contain interaction poten-
tials” [8]. Consequently, the following scenario appears to be inescapable:
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non-relativistic Universe, seen as a collection of interacting subsystems, must
have unique, global time that is common for all possible subsystems. In
other words, it would seem that there is no room for the idea of local time
in non-relativistic quantum theory; regarding the relativistic considerations
see Ref.[11].
However, Kitada’s [5] concept of local time is neither ad hoc nor does it
suffer from such problems. Based on the non-relativistic many-body scat-
tering theory, Kitada’s approach defines ”local systems (clocks)” as approx-
imately isolated from the other systems in the sense that a local clock of
each local system is described by the Schro¨dinger law. Prima facie, the as-
sumption on independent local clocks may seem to be a reminiscent of the
observation [8] that interactions (and the induced quantum entanglement)
may ruin the idea of local time in non-relativistic quantum theory. How-
ever, in Kitada’s scheme, a particle’s time is shared with some other particles
and is not fixed once for all. The particle’s time is the time defined by the
isolated local system that the particle is a part of. Dynamics of the total
system (the Universe) can place the particle in different local systems and
therefore in different local times. This provides a specific interpretation of
eq.(1) – on the level of the total universe, time does not exist, but on the
local level, time does exist [3-7] – as well as makes the scheme well suited
both for the purposes of quantum measurement [12-14] and decoherence [14-
18] and for some models of open quantum systems [19,20] theory. A clear
example of the latter which we know from measurement and decoherence is
that the conglomeration of small few-particle systems can produce, at some
point, a many-particle system that is approximately isolated from the other
“conglomerates”.
In quantum measurement, one deals with the many-particle systems that
are assumed to be almost isolated (closed) systems. That is, an ”object
of measurement + apparatus” (O + A) system, or ”object of measurement
+ apparatus + the apparatus’ environment” (O + A + E), is subjected to
unitary Schro¨dinger dynamics disregarding existence of other such systems.
In the standard decoherence theory, the composite system ”open system
+ environment” (S + E) is assumed to be subject to unitary Schro¨dinger
dynamics despite the presence of other open systems and their environments.
Finally, in the context of the open quantum systems theory, it is known
that virtually every dynamics of an open system S can be described by the
Schro¨dinger law for the extended system S + E [20]. So, the macroscopic
(many-particle) systems O+A, O+A+E and S +E that are subject to the
Schro¨dinger law appear as perfect candidates for application of, and some
kind of a test for, the local time scheme of Kitada.
With this motivation in mind, we hypothesize the following rule for the
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universally valid quantum theory: ”Every many-particle system that is [ap-
proximately] subject to the Schro¨dinger law, can be assigned a local time
independently of other such systems”, and we investigate the consequences
for the description of the quantum-decoherence-like processes.
In this paper we slightly extend the original proposal [5] by pointing out
uncertainty of local time for the local clocks. This introduces the local time
effectively as a hidden classical parameter in the system’s unitary Schro¨dinger
dynamics. We introduce a Gaussian distribution for a time interval as the
obvious choice and for a subsystem of a closed bipartite many-particle system
we obtain unique ”pointer basis”. Our results come from the macroscopic
domain but without a need to resorting to ”state collapse” or environmental
influence.
Implications of the local-time scheme of Kitada are noteworthy. Hence
we believe it is worth further investigation in the foundations of quantum
theory as well as towards the original relativistic motivations with the view
of the possible reduction of the gap between the quantum and relativistic
theories.
The contents of this paper are as follows. In Section 2 we provide a
brief account of the many-particle scattering theory and recapitulate Ki-
tada’s notion of local time. In Section 3 we point out uncertainty of time for
bipartition of a many-particle system and set the quantitative criteria that
revolve around eq.(9). In Section 4 we apply Kitada’s scheme to the standard
decoherence-like processes; Section 4.2 provides the main result of our paper.
Section 5 provides some illustrative examples that exhibit technical simplic-
ity, generality and clarity of the local-time scheme in the context of quantum
measurement and decoherence. Section 6 is discussion of interpretational
ramifications of the local-time scheme and Section 7 is conclusion.
2. Outlook of the many-body scattering theory and the notion
of local time
2.1 Asymptotic completeness in the many-body scattering the-
ory
A reader uninterested in details of the many-body scattering can skip to
Section 2.2. Scattering theory is essentially time-independent perturbation
theory applied to the case of a continuous spectrum. The goal of scattering
theory is to solve the full energy-eigenstate problem
(E −H◦ − V )|Ψ〉 = 0, (2)
where E > 0 (unless otherwise specified), and |Ψ〉 is the eigenstate of the full
Hamiltonian H = H0 + V with energy E. Already two-particles scattering
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is a hard problem. The many-body scattering poses even the more serious
technical problems. It is due to Enss [1,2] that the method of clustering
the composite system in conjunction with the so-called micro-local analysis
method offers a systematic approach to the problem for both short-range and
long-range interactions (denoted by V in eq.(2)). Subsequent development
of the field of many-body scattering can be found e.g. in Sigal [21] and the
references therein.
The method of clustering consists in the following idea. A composite,
closed system S that consists of N nonidentical particles, can be differently
structured [22], e.g. clustered in mutually non-intersecting clusters. E.g. a
tripartite system S = 1 + 2 + 3 can be structured as: S1 = {1, 2, 3},S2 =
{{1}, {2, 3}},S3 = {{2}, {1, 3}},S4 = {{3}, {1, 2}}, S5 = {{1}, {2}, {3}}
where the brackets ”{∗}” denote one cluster. So, the structures Si, i = 2, 3, 4
are different bipartitions of the total system S, the S5 is a tripartite structure
of the total system S while the S1 represents a formally unstructured system
(only one cluster). For every cluster, a center-of-mass (CM) and the relative-
positions (R) degrees of freedom are introduced; the R system’s degrees of
freedom are often chosen as the Jacobi relative coordinates. Then, bearing in
mind the variety of the different possible structures, all the possible scattering
scenarios are described by the scattering of the clusters’ CM-systems.
For the bth structure (cluster decomposition) with k clusters, the col-
lective relative positions variable xb = {xbi, i = 1, 2, 3, ..., k} and the related
conjugate momentum, pb = {pbi, i = 1, 2, 3, ..., k}, are introduced for the clus-
ters’ centers-of-mass systems. The commutators [xbi, pb′j] = ı~δijδbb′ . The
rest of the relative-positions variables are collectively denoted by xb with the
conjugate momentums pb. Then the Hilbert state space factorizes:
H = HCM ⊗Hb ⊗Hb. (3)
Of course, the factorization eq.(3) is different for different structures,
i.e. Hb 6= Hb′ . By placing the reference frame in the total-system’s CM
system, which is common for all structures, i.e. by choosing XCM = 0, the
factorization eq.(3) is reduced:
H = Hb ⊗Hb. (4)
Therefore, observation of the scattering process reduces to observation of
the inter-cluster Jacobi coordinates xbi, for every structure b.
Another essential point in Refs.[1,2] comes from the fact that, as empha-
sized above, scattering refers to the continuous spectrum of the total sys-
tem’s Hamiltonian. So, the pure point-spectrum of the Hamiltonian should
be removed from the consideration. The Enss’ solution is remarkable: he
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considers the ”velocity operator” vb = m
−1
b pb, where pb is defined above and
mb is the diagonal mass matrix with the diagonals being the intercluster re-
duced masses, and introduces a kind of projection operator P˜
Mm
b
b , that can
be found in Appendix. Then for every quantum state |Ψ〉 and for a wide
class of the potentials V , eq.(2), Enss proved:∥∥∥∥
(
xb
tm
− vb
)
P˜
Mm
b
b exp(−ıtmH/~)|Ψ〉
∥∥∥∥→ 0, (5)
as the time-index m→ ±∞, for every structure b save for the ”structureless”
one with only one cluster (k = 1). The norm ‖|ψ〉‖ =√〈ψ|ψ〉, where 〈ψ|ψ〉
is the scalar product in the Hilbert state space H, and the index m is an
integer taking positive or negative values including zero. The limit in eq.(5)
is in the standard sense of limit for a sequence of real norms indexed by m.
2.2 The notion of local time
Physical meaning of eq.(5) is as follows. For a single free particle:
(x− tv) exp(−ıtT/~) = exp(−ıtT/~)x, (6)
where x is the position and v the velocity observable, while T stands for the
kinetic-energy observable and t is an instant of time. Action of the operators
in eq.(6) on a wave function Ψ(x) is as follows: If the support of Ψ(x) is
around some x◦ in the instant t◦ = 0, then the support of the propagated wave
function exp(−ıtT/~)Ψ(x) is localized around the point x◦+vt in the instant
of time t. Eq.(5) essentially says that the same holds for the wave function
of a closed many-body (many-particle) system with virtually arbitrary kinds
of pair interactions in the system.
Eq.(5) encompasses all the possible scattering scenarios for the closed
system S as both the Hamiltonian, H , and the time instants, tm, are com-
mon for all structures. Therefore, measurement of arbitrary xb and vb and
obtaining their mean values, 〈xb〉 and 〈vb〉, provides, at least sketchily, the
measurement of time for the total system [5-7]:
〈xb〉
〈vb〉 ∼ t, (7)
in the asymptotic limit. This allows for the definition of the notion of t as
”the reading of a clock b” in a way consistent with informal discussions of
Relativity.
Scattering is a fundamental method of interaction for systems at all quan-
tum scales. In analogy with eq.(6), it is therefore reasonable to interpret
eq.(7) as a notion of time, which is common for all the structures, clusters
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and particles in the closed system S, but not necessarily for some other closed
systems, S ′, S ′′ etc. The different rates of operation give rise to the intu-
itive picture of time as a characteristic of a local, i.e. approximately closed
system.
While the concept of local time in certain schemes is an ad hoc idea [8,9],
in the many-body scattering theory, this notion naturally fits with eq.(5).
Eq.(5) directly provides the following rules [5]: (a) Systems with different
Hamiltonians such as those with a different numbers of particles, or different
kinds of particles, or different kinds of interactions between the particles
are subject to different local times; (b) Systems that mutually interact are
subjected to the same time; (c) Noninteracting systems need not have a
common time; (d) Nonidentical many-body systems which do not interact
and locally follow independent Schro¨dinger dynamics do not have a common
time–which makes the universal time undefinable, as for eq.(1); (e) Local
time refer even to the mutually identical many-body systems, as long as they
represent the mutually independent local systems.
In the remainder of this paper, we use the above points (a)-(e) as a matter
of principle i.e. as the new universal rule in quantum theory.
3. Uncertainty of local time
In certain processes, such as atomic collisions and chemical reactions,
there may occur a change in the system’s structure, Sb → Sb′ [22,23]. In the
case of more fundamental nonrelativistic particles scattering experiments, a
structure Sb typically remains unchanged. Then the measurement of the in-
tercluster observable xb describes collisions of the particles for that structure.
Within the standard universally valid quantum mechanics, a closed sys-
tem is defined by the unique state [in the Schro¨dinger picture]:
|Ψ(t◦)〉 = U(t◦)|Ψ(t = 0)〉, (8)
where U(t) = exp(−ıtH/~) and H is the total system’s Hamiltonian. Of
course, eq.(8) assumes unique, global physical time. If eq.(8) models a mea-
surement (or decoherence), then the measurement is assumed to be complete
in an instant t◦, and the limit t◦ →∞ is formally allowed.
According to the point (e), Section 2.2, even in the limit of zero metro-
logical error, there is a time uncertainty ∆t in determining the finite t◦ that
gives instead of eq.(8):
σ =
∫ t◦+∆t
t◦−∆t
ρ(t)|Ψ(t)〉〈Ψ(t)|dt, (9)
where for the time probability-density ρ(t):
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∫ t◦+∆t
t◦−∆t
ρ(t)dt = 1,
∫ t◦+∆t
t◦−∆t
tρ(t)dt = t◦. (10)
For the time probability-density we require: (1) to be symmetric on the
narrow interval [t◦−∆t, t◦+∆t], (2) regarding the decoherence-like processes,
see eq.(20) below, t0 is the time instant in which decoherence is approximately
complete, and therefore the limit t◦ → ∞ should be formally allowed, and
(3) to allow a proper limit ρ(t)→ δ(t), with the Dirac delta function δ(t), in
order to be reducible to the standard case eq.(8).
Physically, and also operationally, i.e. for an observer, the state eq.(9)
is objective–the so-called ”proper mixture”. Determining the time instant t
from the interval [t◦ −∆t, t◦ +∆t] is equivalent with distinguishing between
non-orthogonal states |Ψ(t)〉. Hence the no-cloning theorem [24] makes the
task of distinguishing the time instants from the interval [t◦ − ∆t, t◦ + ∆t]
impossible in principle [25].
The time uncertainty ∆t does not introduce uncertainty of energy. Ev-
ery term in eq.(9) describes a unitary Schro¨dinger evolution with energy
preservation: 〈Ψ(t)|H|Ψ(t)〉 = 〈Ψ(t = 0)|H|Ψ(t = 0)〉. Then there is energy
conservation also for the state eq.(9): trσH = const.
3.1 The state eq.(9) is mixed
By construction, the state eq.(9) is mixed. Nevertheless, for the arbitrar-
ily short interval ∆t≪ t◦, from eqs.(10),(11):
σ ≈
∫ t◦+∆t
t◦−∆t
ρ(t)
(
I − ı(t− t◦)
~
H
)
|Ψ(t◦)〉〈Ψ(t◦)|
(
I +
ı(t− t◦)
~
H
)
dt ≈ |Ψ(t◦)〉〈Ψ(t◦)|
(11)
with an error of the order of (δt/~)2 and the standard deviation δt. For
t◦ ≫ 1 [cf. the above point (2)], the interval ∆t need not be that short while
it can still fulfill ∆t≪ t◦.
On the other hand, for ∆t > τmin = max{π~/2∆H, π~/2(〈H〉t=0 −Eg)},
where ∆H is the standard deviation and Eg stands for the Hamiltonian
ground energy, there are three time instants, t◦ −∆t, t◦ and t◦ +∆t, which
pertain to mutually [approximately] orthogonal states [26,27]. While ∆t can
be very small in some physical units, it can still be ”large” so as, for the
coarse grained time axis with the width ∆t, the state eq.(9) reads:
σ = p−|Ψ(t◦−∆t)〉〈Ψ(t◦−∆t)|+p◦|Ψ(t◦)〉〈Ψ(t◦)|+p+|Ψ(t◦+∆t)〉〈Ψ(t◦+∆t)|.
(12)
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For such time interval ∆t, the states in eq.(12) can be mutually distin-
guished.
In this paper we reduce our attention to the proper small intervals ∆t
that allow the limit ∆t→ 0 i.e. only slight deviation from eq.(8), while not
leading either to eq.(11) or to eq.(12).
In accordance with eqs.(10)-(11) and due to the above points (1)-(3), we
choose a Gaussian time probability-distribution:
ρ(t) =
√
λ
π
exp(−λ(t− t◦)2), (13)
which in the limit λ → ∞ provides the standard case eq.(8). Therefore, we
choose the smallest possible λ so as τmin/2 > ∆t > λ
−1 and:∫ t◦+∆t
t◦−∆t
ρ(t)dt ≈
∫ ∞
−∞
ρ(t)dt = 1. (14)
Eqs.(13) and (14) provide the estimate ∆t % λ−1/2 that implies ∆t > λ−1
and the above constraint reduces to τmin > 2∆t.
The choice of a Gaussian density eq.(13) is by no means the only one
possible. Nevertheless, it facilitates the analysis and allows a comparison of
the different models of the composite O + A system–see Section 5 for some
relevant models. The possible extensions of our considerations toward non-
Gaussian or even model-dependent density ρ(t) may be physically sound but
are beyond the scope of the present paper.
We are interested in the description of quantum decoherence which in-
cludes finite-dimensional systems. In this context, typically, the pure discrete
(point) energy spectrum and bound states are considered: the exact spectral
form H =
∑
n hn|n〉〈n| describes a closed system confined to a finite region
of space and involving a finite number of particles.
Then for arbitrary initial pure state |Φ〉 =∑n cn|n〉 eq.(8) reads:
U(t◦)
∑
n
cn|n〉 =
∑
n
cn exp(−ıt◦hn/~)|n〉. (15)
Now eq.(9) takes the form:
σ =
∑
n
|cn|2|n〉〈n|+
∑
n 6=n′
cnc
∗
n′ exp(−ıt◦(hn−hn′)/~) exp(−(hn−hn′)2/4~2λ)|n〉〈n′|.
(16)
In calculating eq.(16) we used the Gaussian integral:
∫∞
−∞
exp(−ax2/2 +
ıJx)dx = (2π/a)1/2× exp(−J2/2a), where a > 0 and J are real numbers
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with J being conjugate variable of x. By very definition eq.(9), the state σ
is hermitean, positive and with unit trace.
From eq.(16):
trσ2 =
∑
n,n′
|cn|2|cn′|2 exp(−(hn − hn′)/2~2λ) < 1, (17)
that clearly exhibits: the state σ is mixed.
3.2 Few-particle versus many-particle systems
The terms exp(−(hn − hn′)2/4~2λ) appearing in eq.(16) can in general
vary from almost 0 to 1. There can be plenty of close energy values and
thus plenty of terms in the sum eq.(16) can equal or be very close to 1. For
poor energy spectrum, which is characteristic for some small (few-particle)
systems, eq.(17) can be very close to 1, i.e. there can be pure states in close
vicinity of the mixed σ state. This is readily seen for the standard state
eq.(8) and eq.(15): the fidelity [25], F = tr√|Ψ〉〈Ψ|σ|Ψ〉〈Ψ| =√〈Ψ|σ|Ψ〉 =√∑
n,n′ |cn|2|cn′|2 exp(−(hn − hn′)/4~2λ).
Therefore, high quantum coherence in the total O + A system can be
expected as a consequence of the constraint τmin/2 > ∆t and eq.(14). To
this end appear the following two questions. First, whether mixed state
eq.(9) regarding few-particle systems, such as e.g. the EPR pairs, could be
in conflict with phenomenology? And, the second, whether one can safely use
pure states in the vicinity of the mixed state σ for many-particle systems?
The first question appears in the context of the decoherence theory and
the open system theory: how can we reproduce validity of the Schro¨dinger
law, i.e. quantum coherence, on the microscopic level? The often offered
answer is pragmatic: the small systems are very well isolated and the en-
vironmental influence is almost negligible in practice, see e.g. [13]. Hence
the local-time scheme goes along with the standard decoherence theory in
describing the few-particle systems [13,14]: the mixing of states can be weak
and the small system can be considered to be in pure state for the most of
the practical purposes.
On the other hand, bearing in mind that the energy spectrum for many-
particle systems is dense, the typical macroscopic measurements bury the
exact eigenvalues and provide a seemingly continuous spectrum–the very
basis of the ”continuous approximation” that is widely used e.g. in condensed
matter physics. Then eq.(9) reads:
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σ =
∫
dEdE ′Ψ(E)Ψ∗(E ′) exp(−ıt◦(E−E ′)/~) exp[−(E−E ′)2/4~2λ]|E〉〈E ′|.
(18)
Eq.(18) resembles the well known expressions for the continuous-variable
(CV) systems decoherence: While there is high coherence over all in the state
σ, eq.(18), there is substantial loss of coherence for certain energy values, for
which exp(−(E − E ′)2/4~2λ) ≪ 1. This situation is typical for virtually all
CV open systems [13,14,16,18]. Bearing in mind that this cannot in principle
be achieved by pure states, we obtain the answer to the above-posed second
question: no, the use of the ”close” pure states in general cannot be useful.
Coarse graining of the energy spectrum can reduce coherence in the closed
system. By definition, coarse graining decreases the number of energy eigen-
values as well as the number of Gaussian terms, exp(−(hn−hn′)2/4~2λ), with
smaller terms |hn − hn′| in the exponent. For certain few-particle systems
with poor spectrum, typically, this procedure will not work. Therefore while
the few-particle systems can be expected to exhibit approximate quantum
behavior, the many-particle systems can exhibit quantal versus classical-like
behavior–the latter being a reminiscent of the conjecture that this is not
merely a matter of the system’s spatial size or mass but rather of the energy
scale [28]. Some examples can be found in Section 5.
3.3 Local-time as a dynamical map
It cannot be overemphasized that the mixed state eq.(9) refers to a closed
system. Compared to eq.(8), eq.(9) emphasizes the following map:
|Ψ(t = 0)〉〈Ψ(t = 0)| → σ(t◦) =
∫ t◦+∆t
t◦−∆t
ρ(t)|Ψ(t)〉〈Ψ(t)|dt.
It is readily extendible to the following dynamical map:
S(t = 0) =
∑
i
pi|Ψi(t = 0)〉〈Ψi(t = 0)| → S(t◦) =
∑
i
piσi(t◦)
where every σi(t◦) is of the form of eq.(9). Since the σ, eq.(9), is Hermitean,
positive and with unit trace, this dynamical map is positive. This map is
an instance of the ”random unitary evolution” that is known for the finite-
dimensional systems to be completely positive [29].
4. A local-time scheme for decoherence-like processes
10
In this section, our analysis is a deductive application of the rules estab-
lished in Sections 2.2 and 3 for the case of strong interaction in the O + A
system. We also briefly analyze quantum measurement and reproduce some
well-known results.
4.1 Strong interaction in the O + A system
The points (a)-(e) in Section 2.2 set the clear-cut scenario of the decoherence-
like situations. Before interaction, the systems O and A are described by the
Hamiltonian HO +HA. According to the point (b), the systems may or may
be not subjected to the same time. However, interaction in the O + A sys-
tem introduces the new Hamiltonian, HO + HA + Hint, where Hint is the
interaction Hamiltonian. According to the point (b), now both the O and A
systems are subject to the same local time. According to the point (a), the
time for the O + A system is not the same as for the O i.e. the A system
before interaction. So, the start of the interaction locally defines the initial
time instant, t, for the newly formed many-body O + A system and sets the
”clock” implemented by this system to the value t = 0. As long as the sys-
tem O and the apparatus A are precisely defined, the time instant t = 0 is
assumed to be uniquely defined. In the terms of the standard theory, the
local t = 0 corresponds to an instant t◦ that is assumed to be arbitrary but
fixed and measured by a clock at the observer’s disposal.
In quantum decoherence (and also in measurement), typically, interaction
in the O + A system is assumed to dominate the system’s dynamics [13-
18]. Physically it means that the self-Hamiltonian can be neglected: H =
HO +HA +Hint ≈ Hint.
We consider a pure initial tensor-product state |φ〉O|χ〉A. The separable
spectral form for the interaction Hamiltonian with the real eginevalues hαβ
[13-18,30]:
Hint =
∑
α,β
hαβP
O
α ⊗ΠAβ , (19)
where appear the projectors, P and Π, on the respective factor spaces.
Then the standard unitary unitary dynamics gives the pure state:
|Ψ(t)〉 =
∑
α
bα|α〉O|χα(t)〉A, (20)
where
|χα(t)〉A =
∑
β
dβ exp(−ıthαβ/~)|β〉A; (21)
11
with bα|α〉O = POα |φ〉O and dβ|β〉A = ΠAβ |χ〉A;
∑
α |bα|2 = 1 =
∑
β |dβ|2.
Substituting eq.(21) into eq.(9):
σ =
∑
α
|bα|2|α〉O〈α| ⊗ ρAα (t◦) +
∑
α6=α′
bαb
∗
α′ |α〉O〈α′| ⊗ ρAαα′(t◦), (22)
where t◦ is the time instant for which decoherence is (at least approximately)
complete.
In eq.(23):
ρAα =
∑
β,β′
dβd
∗
β′ exp(−ıt◦(hαβ − hαβ′)/~) exp(−(hαβ − hαβ′)2/4~2λ)|β〉A〈β ′|,
(23)
ρAαα′ =
∑
β,β′
dβd
∗
β′ exp(−ıt◦(hαβ − hα′β′)/~) exp(−(hαβ − hα′β′)2/4~2λ)|β〉A〈β ′|.
(24)
It is easy to see, that ρAα s are hermitean and positive with unit trace.
Lemma 4.1 (i) The density matrices ρAα are mutually approximately orthogo-
nal for most of the large values of t◦, symbolically limt◦→∞ ρ
A
αρ
A
α′ ≈ 0, ∀α 6= α′;
(ii) the trace of ρAαα′s equals approximately zero for most of the large values
of t◦, symbolically limt◦→∞ trAρ
A
αα′ ≈ 0, ∀α 6= α′.
Proof. (i) From eq.(24), the matrix elements:
(ρAαρ
A
α′)ββ′′ = dβd
∗
β′′ exp(−ıt◦(hαβ − hα′β′′)/~)
∑
β′
|dβ′|2 exp(−ıt◦(hα′β′ − hαβ′)/~)×
exp{−[(hαβ − hαβ′)2 + (hα′β′ − hα′β′′)2]/4~2λ}
≡ dβd∗β′′ exp(−ıt◦(hαβ − hα′β′′)/~)ζχ. (25)
In the last row of eq.(26) we simplify notation and introduce: 0 <
ǫβ′ ≡ exp{−[(hαβ − hαβ′)2 + (hα′β′ − hα′β′′)2]/4~2λ} ≤ 1, ζ ≡
∑
β′ |dβ′|2ǫβ′ ,
pβ′ ≡ |dβ′|2ǫβ′/ζ and ωβ′ ≡ (hαβ′ − hα′β′)/~. Since
∑
β′ pβ′ = 1, χ ≡∑
β′ pβ′ exp(−ıt◦ωβ′) is the well-known ”correlation amplitude” [15]. For suf-
ficiently long time interval [t, t + T ], such that t◦ ∈ [t, t + T ], for α 6= α′,
the correlation amplitude satisfies [15]: (a) the time average on the in-
terval limT→∞〈χ〉T = 0, and (b) the standard deviation on the interval
limT→∞〈|χ|2〉T = 0 for typical models of the many-particle A system. Bear-
ing in mind that ζ ≤ 1, the point (i) is proved.
(ii) From eq.(25):
trAρ
A
αα′ =
∑
β
|dβ|2 exp(−ıt◦(hαβ − hα′β)/~) exp(−(hαβ − hα′β)2/4~2λ), (26)
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where the right hand side is of the χ-function form considered in (i) above–
that completes the proof of the point (ii). Q.E.D.
In Lemma 4.1, we resort to the results on the almost periodic functions
presented in Ref.[15]. Temporal behavior of the almost periodic functions
is rather subtle [15,31,32] and, in general, requires separate careful analysis.
Here we have in mind the cases essentially described in Ref.[15] that do
not apply to the few-particle systems while t◦ appears to be of the order of
”decoherence time”.
Lemma 4.1(i) implies ρAα =
∑
m pαm|m〉A〈m|,
∑
m pαm = 1, ∀α, and there-
fore the first term in eq.(23) in the formal limit t◦ →∞:∑
α,m
|bα|2pαm|α〉O〈α| ⊗ |m〉A〈m|, (27)
which is the so-called ”classical-classical” state with zero two-way discord
[33], D↔(O|A) = 0, i.e. without quantum correlations. Notice that the
states |α〉O diagonalize Hint, while, in general, this is not the case with the
|m〉A states in eq.(28).
With the use of notation of Lemma 4.1, eq.(23) gives rise to:
lim
t◦→∞
ρO = lim
t◦→∞
trAσ =
∑
α
|bα|2|α〉O〈α|, ρA = trOσ =
∑
α
|bα|2ρAα , (28)
which are the states at the observer’s disposal; only for the few-particle
systems, the observer may have access to the total system’s state eq.(23).
4.2 Unique pointer basis
Orthogonality of the ρAα s, Lemma 4.1(i), implies that they have orthogonal
support. Then from eq.(29), the mutual information I(O : A) [25] can easily
be calculated [in the formal limit t◦ →∞]:
I(O : A) = S(ρA)−
∑
α
|bα|2S(ρAα ) = H(O), (29)
where S(ρ) = −trρ ln ρ is the von Neumann entropy andH(O) = −∑α bα ln bα
is the Shannon entropy of the O’s state; the last equality in eq.(30) is a direct
consequence of Theorem 11.10 in Ref. [25]. In the context of decoherence
theory, eq.(30) exhibits that the environment carries classically distinguish-
able records about the open system’s states |α〉O. In this sense, we can see
that the quantum environment is performing a measurement on the open
system [34].
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For the pure state case, e.g. eq.(8), of the total system arises a problem
as the Schmidt form of the state need not be unique. This happens only if
ρO, eq.(29), has degenerate spectrum, |bα|2, as a consequence of the choice of
the initial state of the O system. Then eq.(30) might simultaneously apply to
mutually non-commuting observables–this is known as the ”preferred-basis
problem” [13]. In the remainder of this section we show that this is not the
case for the mixed state σ, eq.(23). Thus we learn an important technical
lesson: even a tiny mixedness in a bipartite many-particle system can remove
the ambiguity known for the Schmidt form of pure states of the total system.
From eq.(23) it follows for an alternative basis |ν〉O: σ =
∑
ν,ν′ |ν〉O〈ν ′| ⊗
RAνν′ ; R
A
νν′ =
∑
α,α′ bαb
∗
α′cανc
∗
α′ν′ρ
A
αα′ and cαν =O 〈ν|α〉O. Due to Lemma
4.1(i), ρAαα′ρ
A
α′′α′′′ = δα′α′′ρ
A
αα′ρ
A
α′α′′′ so it follows:
trRAνν′ =
∑
α
|bα|2cανc∗αν′ = O〈ν|
(∑
α
|bα|2|α〉O〈α|
)
|ν ′〉O, (30)
(RAν R
A
ν′)ββ′ =
∑
α,α′
bαb
∗
α′cανc
∗
α′ν′
∑
α′′
|bα′′ |2c∗α′′νcα′′ν′(ρAαα′′ρAα′′α′)ββ′ =
∑
α,α′
bαb
∗
α′cανc
∗
α′ν′ O〈ν ′|
(∑
α′′
|bα′′ |2(ρAαα′′ρAα′′α′)ββ′|α′′〉O〈α′′|
)
|ν〉O.(31)
For degenerate spectrum of ρO, eq.(29), that is for at least two equal
|bα|2s, we can choose an alternative basis for which trRAνν′ = 0, ∀ν 6= ν ′, when
the point (ii) of Lemma 4.1 applies to the new basis |ν〉O. E.g. for |b1|2 =
|b2|2, eq.(31) is fulfilled for the orthonormalized basis {|ν1〉O, |ν2〉O, |α〉O, α =
3, 4, 5, . . . } for |νi〉O =
∑2
α=1 ciα|α〉O, i = 1, 2. However, as long as 〈ν|∗ |ν ′〉 ≈
0 in eq.(31), the matrix element in eq.(32) 〈ν ′| ∗ |ν〉 6≈ 0, and vice versa.
On the other hand, Lemma 4.1(i) requires that the condition (RAν R
A
ν′)ββ′ ≈
0 is satisfied for all combinations of the indices ν 6= ν ′, β, β ′ as well as for most
of the large values of t◦. As Lemma 4.1 is concerned with the many-particle
systems, there are thus a huge number of equations that should be satisfied
simultaneously. E.g. for fixed ν, ν ′, and for n qubits in the A system. there
are 2n−1(2n + 1) equations that should be simultaneously satisfied for most
of the large values of t0. These arguments yield: there is not any alternative
basis |ν〉O with cαν 6= δαν for which both points, (i) and (ii) of Lemma 4.1,
could be valid for every combination of the indices ν 6= ν ′, β and β ′ as well
as for most of the large values of t◦ of local time of a many-particle O + A
system.
Now Lemma 4.1 and eqs.(23)-(32) uniquely determine the pointer basis
{|α〉O} as well as the ”superselection sectors” POα and the ”pointer observ-
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able” AO =
∑
α aαP
O
α . In contrast to the case of the pure state of the total
system, degeneracy in the O system’s state eq.(29) does not give rise to
ambiguity in regard of what is ”measured” in the local-time scheme. This
conclusion holds independently of the initial state of the O system as well
as of the interaction-energy spectrum and the number of particles in the A
system, N [except that N ≫ 1]. This brings the main result of this paper:
A bipartition of a closed, finite-dimensional or infinite-dimensional, many-
particle system can exhibit behavior that is characteristic for open systems.
Neither ”objective wave packet collapse” nor the environmental influence is
required.
4.3 Analysis of quantum measurement
Many-particle (macroscopic) systems are always in inevitable interaction
with their environments. In this section we extend the analysis of the previous
sections to the case of measurement, when the A system is the ”apparatus”
and we introduce the apparatus’ environment (E), which does not interact
with the O system. This scenario clearly distinguishes the two standard
”phases” in quantum measurement: In the standard measurement theory,
interaction of the O and A systems gives rise to ”premeasurement” [13-15],
i.e. to formation of quantum entanglement in the O+A system. The second
phase of measurement is decoherence of the apparatus that is induced by the
environment [13,14].
In the local-time scheme, the two phases of measurement are clearly dis-
tinguished. According to the point (a) of Section 2.2, they refer to different
many-particle systems, O + A and O + A + E and their related local times,
respectively. Regarding premeasurement, in an instant t◦ of local time for the
O+A system, the total system’s state is (approximately) given in a Schmidt
canonical form,
∑
i bα|α〉O|α〉A. Now, in the local-time scheme, the second
phase considers another, newly formed many-particle system, O + A + E,
which dynamically evolves in accordance with its own local time and re-sets
its own time to the instant t = 0.
The correlation between the O and A systems is preserved by the environ-
ment [13-17] and carries the information that constitutes the measurement
performed on O by the A system. Of course, this requires robustness of the
apparatus’ states |α〉A as the very basic requirement of successful measure-
ment [13-17]. For the tripartite system O+A+E, the Schro¨dinger dynamics
gives:
U(t)
∑
α,j
bαdj|α〉O|α〉A|j〉E =
∑
α,j
bαdj exp(−ıthαj/~)|α〉O|α〉A|j〉E, (32)
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while assuming strong interaction between the A and E systems; without
loss of generality, we can ignore degeneracy in the interaction between A and
E. Then the state eq.(23) takes the following form:
σ =
∑
α
|bα|2|α〉O〈α|⊗|α〉A〈α|⊗ρEα+
∑
α6=α′
bαb
∗
α′ |α〉O〈α′|⊗|α〉A〈α′|⊗ρEαα′ . (33)
It can be easily shown that the operators ρEα and ρ
E
αα′ are exactly of the
form of eqs.(24) and (25), respectively, and Lemma 4.1 applies. Consequently,
the conclusions are analogous: the environment monitors the composite sys-
tem O + A, while not affecting the correlations formed in premeasurement
in the O + A system.
Bearing Lemma 4.1 in mind, now eq.(34) implies:
ρO+A = trEσ =
∑
α
|bα|2|α〉O〈α| ⊗ |α〉A〈α|, ρO = trAρO+A =
∑
α
|bα|2|α〉O〈α|.
(34)
So the local-time scheme straightforwardly reproduces the basic result
eq.(35) of the environmental influence on the ”object+apparatus” system
[13-15,17].
5. Some models of quantum decoherence and measurement
In this section we analyze some relevant analytically-solvable models de-
scribed by ”pure decoherence” [18,34,35] Hamiltonian eq.(20). We observe
technical simplicity and clarity of the local-time scheme. In accordance with
Section 3, we choose the highest possible value for ∆t and the smallest pos-
sible value for λ. Coarse graining of the pointer observable (AO) values is
considered without a change of values of the ∆t and λ parameters; for moti-
vation see Section 6.
5.1 A pair of spin-1/2 particles
Consider a pair of spin-1/2 particles [qubits] and interaction Hint =
CS1zS2z. This is a separable interaction [30], cf. eq.(20), with the eigen-
states |++〉, |+−〉, |−+〉, |−−〉 and eigenvalues (in the units of the Planck
constant, ~ = 1) h++ = C/4 = h−−, h+− = −C/4 = h−+, while the ground
energy Eg = −C/4.
Let us consider the mixed state eq.(23) for this case:
ρ2+ =
(
|d+|2 d+d∗−e
−ıt◦C
2
− C
2
16λ
d∗+d−e
ıt◦C
2
− C
2
16λ |d−|2
)
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and
ρ2− =
(
|d+|2 d+d∗−e
ıt◦C
2
− C
2
16λ
d∗+d−e
−ıt◦C
2
− C
2
16λ |d−|2
)
while
ρ2+− =
(|d+|2e−ıt◦C/2e−C2/16λ d+d∗−
d∗+d− |d−|2eıt◦C/2e−C2/16λ
)
.
Now it easily follows:
(ρ
(2)
+ ρ
(2)
− )++ = |d+|2e−ıt◦C/2[|d+|2eıt◦C/2 + |d−|2e−ıt◦C/2e−C
2/8λ]
tr2ρ
(2)
+− = e
−C2/16λ[|d+|2e−ıt◦C/2 + |d−|2eıt◦C/2] = e−C2/16λ cos Ct◦
2
(35)
i.e. Lemma 4.1 is not fulfilled for this case.
The choice d± = 2
−1/2 satisfies the condition 〈Hint〉t=0 = 0 and ∆Hint =
C/4 = −Eg. Then there is the unique time bound, τmin/2 = π/C, and
for C = 1 we can choose ∆t = 3 and λ = 1, with the very well satisfied
equality eq.(14). Thus exp[−C2/16λ] = exp(−1/16) ≈ 0.939 and the small
off-diagonal term, exp[−(h++−h−−)2/4λ] = exp(−1/16) ≈ 0.939. Therefore
σ ≈ |Ψ〉〈Ψ|, (36)
with the error less than 0.062, [the error decreases with the increase of λ],
and with |Ψ〉 = [c+ exp(−ıt◦/4)|++〉+c− exp(−ıt◦/4)|−−〉+c+ exp(ıt◦/4)|+
−〉+c− exp(ıt◦/4)|−+〉]/
√
2–that is eq.(8) for this case; |c+|2+ |c−|2 = 1. So
quantum coherence is very high in the local-time scheme for ”microscopic”
systems–and is analogous to the approximate isolation (and coherence) of the
microscopic systems in the context of open quantum systems as anticipated
in Section 3.2.
5.2 Four spin-1/2 particles: a case study
A spin-1/2 system is in interaction with mutually noninteracting spin-
1/2 systems [qubits]: Hint = S1z(S2z + S3z + S4z). The system 2 + 3 + 4 is
the 1 system’s environment. The interaction is separable [30], eq.(20), and
the eigenstates and eigenvalues [in the units ~ = 1] can be denoted | ± i〉
and h±i, respectively. The indices ± refer to the 1 system, while the index
i = 1, 2, ..., 8 denotes the set of mutually orthogonal tensor-product states,
|m2n3p4〉, m, n, p = ±, which constitute an orthonormalized basis for the
2 + 3 + 4 system. The eigenvalues h±β and degeneracies gβ are as follows:
h±1 = ±3/4 = h∓4, h±2 = ±1/4 = h∓3 and g1 = 1 = g4, while g2 = 3 = g3.
Again we choose 〈Hint〉 = 0 that is satisfied e.g. with equal distribution
of eigenstates |m2n3p4〉 for the initial environment’s state, 8−1/2, ∀i = 1− 8.
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Then, bearing in mind the degeneracies, with the use of notation of eqs.(21),
(22), |d1|2 = 1/8 = |d4|2 and |d2|2 = 3/8 = |d3|2. For arbitrary initial state
of the 1 system, τmin/2 = π/4∆Hint = π/4(〈Hint〉 − Eg) = π/3. Hence we
can choose ∆t = 1 and λ = 2 in order to provide a very good approximation
for eq.(14). This gives e.g.:
(ρ
(234)
+ ρ
(234)
− )11 = |d1|2 exp(−3ıt◦/2) [|d1|2 exp(3ıt◦/2) +
|d2|2 exp(ıt◦/2− 1/16) + |d3|2 exp(−ıt◦/2− 1/4) + |d4|2 exp(−3ıt◦/2− 9/16)];
tr234ρ
(234)
+− = |d1|2 exp(−3ıt◦/2− 9/32) + |d2|2 exp(−ıt◦/2− 1/32) +
|d3|2 exp(ıt◦/2− 1/32) + |d4|2 exp(3ıt◦/2− 9/32) =
1
4
cos(
3t◦
2
) exp(−9/32) + 3
4
cos(
t◦
2
) exp(−1/32). (37)
Needless to say, due to small number of terms in the sums in eq.(38),
Lemma 4.1 is not satisfied. Nevertheless, comparison of eqs.(36) and (38)
clearly exhibits that increase in the size of the environment gives better
satisfied Lemma 4.1. Both traces in eqs.(36) and (38) are periodic functions
[with the periods approximately 2π and 4π] and the increase in the number
of terms in the sum leads to the almost periodic functions, Lemma 4.1.
Physically, eq.(38) reveals environment’s periodic memory, with small period,
about the object’s state–that is not a good measurement or decoherence of
the 1 system.
The real exponential terms exp[−(hαβ − hα′β′)2/4λ] for the above set of
energy eigenvalues and for small λ = 2 have the smallest value exp(−9/32) =
0.755 and the largest value exp(−1/32) = 0.969. Compared to the previous
model, there is less quantum coherence in the total system. So
σ 6≈ |Ψ′〉〈Ψ′| (38)
where |Ψ′〉 =∑α=±∑4β=1 bαdβ exp(−ıt◦hαβ)|αβ〉 is the standard state eq.(8).
The fidelity satisfies 0.869 =
√
0.755 < F = √〈Ψ′|σ|Ψ′〉 < √0.969 = 0.984.
After a straightforward but lengthy computation, the exact fidelity amounts
to 0.894. Decrease of quantum coherence relative to the model of Section
5.1 supports and illustrates the general notions provided in Section 3.2: the
larger the environment the less quantum coherence in the total system.
5.3 Decoherence and measurement of a single qubit: the qubit
environment
We consider the well-studied, analytically solvable model of ”decoherence
of a single qubit” [15]. This also models the Stern-Gerlach experiment, if the
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environment is modelled as the set of molecules in the plate that can be
either decayed or non-decayed by the atoms caught by the plate.
The interaction Hamiltonian for the pair O + A, where the O system is
the single qubit is separable:
Hint = (a+|+〉O〈+|+ a−|−〉O〈−|)⊗
N∑
k=1
gk(|+〉Ak〈+| − |−〉Ak〈−|)Πk 6=k′Ik′,
(39)
with a+ = −a− = 1 and with N ≫ 1.
Initial state |Ψ〉 = (a|+〉O + b|−〉O)ΠNk=1(ak|+〉Ak + bk|−〉Ak) gives for an
instant of time [15]:
|Ψ(t)〉 = a|+〉O|χ+(t)〉A + b|−〉O|χ−(t)〉A, (40)
where [for ~ = 1]
|χ±(t)〉A = ΠNk=1(ake−ıa±gkt|+〉Ak + bkeıa±gkt|−〉Ak). (41)
Eq.(42) can be written as:
|χ±(t)〉A =
∑
j1...jN=±
cj1 . . . cjNΠ
N
k=1e
−ıta±gkαk |jk〉A (42)
where αk = νk − µk and ν, µ = 0, 1 with the following rule: if jk = +, then
νk = 1 and µk = 0, while for jk = −, νk = 0 and µk = 1, with independent
constants for different indices k.
Setting ΠNk=1e
−ıta±gkαk |jk〉A = e−ıta±
∑
k gkαkΠNk=1|jk〉A, the mixed state
eq.(9):
σ = |a|2|+〉O〈+|⊗ρA++|b|2|−〉O〈−|⊗ρA−+ab∗|+〉O〈−|⊗ρA+−+a∗b|−〉O〈+|⊗ρA−+.
(43)
In eq.(44):
ρA±(t◦) =
∑
j1...j′N
cj1 . . . c
∗
j′
N
e−ıt◦a±
∑
k gk(αk−α
′
k
)e−(a±
∑
k gk(αk−α
′
k
))2/4λΠk|jk〉A〈j′k|
ρA+−(t◦) =
∑
j1...j′N
cj1 . . . c
∗
j′
N
e−ıt◦
∑
k gk(a+αk−a−α
′
k
) ×
e−(
∑
k gk(a+αk−a−α
′
k
))2/4λΠk|jk〉A〈j′k| (44)
where αk refers to jk and α
′
k to j
′
k.
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From eq.(45):
ρA+(t◦)ρ
A
−(t◦) =
∑
j1...jN ,j
′
1...j
′
N
cj1 . . . cjN c
∗
j′1
. . . c∗j′
N
e−ıt◦
∑
k gk(a+αk−a−α
′
k
)Πk|jk〉A〈j′k| ×

 ∑
j′′1 ...j
′′
N
|cj′′1 |2 . . . |cj′′N |2e−ıt◦(a−−a+)
∑
k gkα
′′
ke−
(a+
∑
k gk(αk−α
′′
k
))2+(a−
∑
gk(α
′′
k
−α′
k
))2
4λ


trAρ
A
+− =
∑
j1...jN
|cj1|2 . . . |cjN |2e−ıt◦(a+−a−)
∑
k gkαke−((a+−a−)
∑
k gkαk)
2/4λ. (45)
The term in the parenthesis and the trace trAρ
A
+− are of the form of the
χ-function defined in the proof of Lemma 4.1(i)–see below eq.(26). Therefore,
Lemma 4.1 applies for the case studied: symbolically, limt◦→∞ ρ
A
+ρ
A
− = 0 and
limt◦→∞ trAρ
A
+− = 0 for N ≫ 1.
In order to compare with Zurek’s [15], we deal with the random values
for gk ∈ (0, 1) and |ak| ≈ |bk|, ∀k; the latter gives rise to 〈Hint〉 ≈ 0. It easily
follows ∆Hint =
√∑
k g
2
k. For randomly chosen gk = k/N and with equal
probability 1/N for every gk, ∆Hint =
√
N−3
∑N
k=1 k
2 = 3−1/2 > −Eg =
N−2
∑N
k=1 k = 1/2, for N ≫ 1. Therefore τmin/2 = π/2 > 1.57. So we
choose ∆t = 1.56 and the smallest value λ = 1 that provide very good
approximation for eq.(14).
Exponential factors appearing in the ρA+− in eq.(45):
e−(
∑
k gk(a+αk±a−α
′
k
))2/4λ = e−(
∑
k gk(αk±α
′
k
))2/4. (46)
Since max{αk ± α′k} = 2, the smallest exponential factor is exp(−1/4) =
0.779. All other terms are with the nominator in the exponent of the form
(±∑Mk=1 gk ∓ ∑Nk=M+1 gk)2 = (N−2[±∑Mk=1 k ∓ ∑Nk=M+1 k])2. Numerical
estimates reveal that such terms are not less than 0.94. In order to compare
with the model of Section 5.2, we set N = 3 [and placing λ = 2 and the
eigenvalues ±1 instead of ±1/2] and obtain similar results. So we find that
there is high quantum coherence for both models of Section 5.2 and of this
section.
Without further ado, let us consider the object’s spectrum ai ∈ {−2,−1, 1, 2}–
which can describe the four spin-1/2 particles total-spin values; the ai val-
ues substitute the above a± values. For a pair of values, e.g. 2 and −1,
and for random gks (see above) while N ≫ 1, the smallest Gaussian fac-
tor exp[−(∑k gk(2αk − α′k))2/4] = exp(−9/16) ≈ 0.57, while the largest
one amounts to exp(−1/16) = 0.939. For the pair 2,−2, the smallest
term exp(−1) = 0.368 while the largest amounts to 1. Now consider the
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coarse graining of this spectrum by introducing the new set of values, a′j ∈
{−2, 0, 2}. For the values 2 and 0, [with λ = 1], there is the unique value
of exp(−1/4) = 0.778, while the terms pertaining to the pair 2,−2, remain
intact.
So we obtain a rough idea about decrease of coherence due to the coarse
graining of spectrum of the pointer observable, and consequently of energy
in the composite system: the number of large Gaussian terms decreases.
Needless to say, due to the poor spectrums, this is not possible for the mi-
croscopic objects of Sections 5.1, 5.2 and eq.(41). In turn, we also realize:
finer measurements–e.g. of the spectrum ai instead of the coarse-grained
values a′j–can in principle provide observation of coherence, i.e. of quantum
correlations in the total system.
5.4 Position measurement
The classic von Neumann’s model [36] that implements the Heisenberg’s
idea of position measurement is described by strong interactionHint = CxO⊗
PA between the one-dimensional object O and the apparatus A; the conju-
gate momentum/position observables pO and XA, respectively. The model
is readily generalized for measurement of any continuous observable QO as
well as to the three dimensional models [37]. Similar results are obtained
for the interaction Hint = xO ⊗ XA. For the collective position observable
XA =
∑
j κjxAj, the object O undergoes quantum Brownian motion [19] that
does not depend on the strength of interaction.
Let us consider the composite system initially spatially contained in the
linear dimensions [−L, L] and the initial state |φ〉O|χ〉A as a tensor product
of two wavepackets with the position and momentum spreads σxO ≡ σ1 and
σPA ≡ σ2, while for convenience 〈Hint〉 = 0. For the analogous interval for
the apparatus momentum [−P, P ] the ground energy Eg = −LP ≪ 1. If
the spreads σ1 ∼ 1 and σ2 ∼ 1, then [in the units ~ = 1 and for C = 1]
τmin/2 = max{π/4σ1σ2, π/4LP} = π/4, while ∆t = 0.78 and λ = 3 well
satisfy eq.(14).
Then the state eq.(23) reads:
σ =
∫
dxdx′|x〉O〈x′| ⊗ ρA(x, x′), (47)
with
ρA(x, x
′) =
∫
dPdP ′φ(x)φ∗(x′)χ(P )χ∗(P ′) exp(−ıt◦(xP−x′P ′)) exp(−(xP − x
′P ′)2
12
)|P 〉A〈P ′|.
(48)
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From eq.(49) one easily obtains validity of Lemma 4.1, due to direct
applicability of the Riemann-Lebesgue lemma, cf. e.g. Proposition 5.2.1 in
Ref.[15], in our case: limt◦→∞
∫
dP |χ(P )|2 exp(−ıt◦(x′ − x)P ) exp{−[(xP ′ −
xP )2 + (x′P − x′P ′′)2]/12} = 0 for x 6= x′.
The fidelity
√∫
dxdx′dPdP ′|φ(x)|2|φ(x′)|2|χ(P )|2|χ(P ′)|2 exp(−(xP − x′P ′)2/12)
reveals very high coherence for the object’s state–there are plenty of close x
and x′. Nevertheless, there are still very small values for the Gaussian factors
for which |x− x′| ≫ 12–that is well within the chosen domain of L≫ 1.
Coarse graining of the pointer-observable xO continuous spectrum (while
keeping the parameter λ fixed) reduces the number of the Gaussian terms,
which almost equal 1. If the width of the spatial interval is ∆x, then one
can choose the wavepackets with the spread ∆x as the approximate (non-
orthogonal) normalizable ”pointer basis” states. Formally, for a set of ap-
proximately orthogonal minimum-uncertainty (the ”coherent”) states |ψij〉O,
such that O〈ψij |ψi′j′〉O ≈ δii′δjj′, one obtains O〈ψij|xO|ψi′j′〉O ≈ xiδii′δjj′.
Then the exact interaction is almost diagonal for the |ψij〉O states: O〈ψij |Hint|ψi′j′〉O ≈
0, ∀i 6= i′, j, j′. Furthermore, the unitary operator generated by the interac-
tion is also almost diagonalizable for these states. The proof reduces to
computing the O〈ψij|xnO|ψi′j′〉O terms. For ψij(x) = (2πσi)−1/2 exp(−(x −
xi)
2/2σ2i + ıxpj):
O〈ψij|xnO|ψi′j′〉O = (2πσiσi′)−1 exp(−(xi − xi′)2/2(σ2i + σ2i′)) In (49)
where In =
∫∞
−∞
dxxn exp(−(x−x◦)2/2σ2−ıx(pj−pj′)); σ2 = σ2i σ2i′/(σ2i +σ2i′)
and x◦ = (xi′σ
2
i + xiσ
2
i′)/(σ
2
i + σ
2
i′). The Gaussian term in eq.(50) proves the
claim: ‖O〈ψij |U(t◦)|ψi′j′〉O‖ ∝ exp(−(xi − xi′)2/4)≪ 1.
Since
∑
i,j |ψij〉O〈ψij| < I, there are plenty of ”coherent states” in the
vicinity of every |ψij〉O that contribute to degeneracy of the interaction.
Hence for the set of the values xi (out of the continuous set of the position val-
ues x ∈ (−∞,∞)) one obtains substantial decrease of the Gaussian factors,
while the coherent states |ψij〉O constitute a set of approximate pointer basis
states for the exact continuous pointer observable xO. The more rigorous
methods [36,38] give rise to redefinition of the exact pointer observable and
interaction and hence of the ∆t and λ parameters that we are not interested
in–see Section 6.
5.5 Walls-Collet-Milburn measurement model
The open system O and the apparatus A are taken to be harmonic oscil-
lators defined by the respective annihilation operators, a and b (the modes)
and with the separable interaction [39]:
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HOA =
~
2
a†a(ǫ∗b+ ǫb†). (50)
There is also the apparatus environment E, which is a thermal bath of
harmonic oscillators with the interaction
HAE = b
∑
j
κ∗jc
†
j + b
†
∑
j
κjcj (51)
with the environmental annihilation operators (the modes) cj. The thermal
bath can be ”purified” and appears as a subsystem of a larger system, which
is initially in a pure state that we are concerned with, cf. eq.(8), and will
continue to be denoted by E.
According to Section 4.3, eq.(51) describes pre-measurement, Section 4.3,
that gives rise to the final state of the O + A system [19]:
|Ψ(t)〉OA =
∑
n
cn|n〉O|nǫt/2〉A, (52)
where a†a|n〉O = n|n〉O and the apparatus states are ”coherent states” [the
minimum uncertainty Gaussian states]. Setting t = t◦ → ∞, the apparatus
states are approximately orthogonal [14] and in the instant of time t◦, pre-
measurement is complete.
The second phase of the measurement, cf. Section 4.3, is described by
the interaction eq.(52). By following Ref.[40], the interaction eq.(52) is ob-
tained via the so-called rotating-wave approximation [19,20] that reveals the
Schro¨dinger-picture, original interaction to be of the separable form [39,40]:
HAE = XA[
∑
j
κ∗jcj +
∑
j
κjc
†
j], (53)
where XA is the apparatus position observable. Eq.(54) is of interest within
the local-time scheme.
Eq.(54) is actually the model considered in Section 5.4: The environ-
ment E measures the apparatus’ position XA. So we conclude that the sec-
ond phase of the measurement–according to Section 4.3–is an (almost ideal)
”non-demolition” measurement [15,30] that distinguishes the XA observable
as the pointer observable with the approximate pointer basis |nǫt/2〉A for
the apparatus. Needless to say, the object’s exact pointer observable is a†a
and the exact pointer basis states |n〉O. As in eq.(35), the related density
matrices:
ρO+A =
∑
n
|cn|2|n〉O〈n| ⊗ |nǫt/2〉A〈nǫt/2|, ρO =
∑
n
|cn|2|n〉O〈n|. (54)
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6. Discussion
In local-time scheme, the few-particle systems sustain high quantum co-
herence. However, for bipartition of a many-particle closed system we ob-
tain effects that are characteristic for open systems, without a need for the
state collapse (reduction) or environmental influence. Within the local-time
scheme, ”local system” and ”local operations” are defined via the set of local
time in a closed system. If certain pair interactions are of similar strength,
then the composite system can be subject to the unique time, cf. eq.(5). The
recipe for determining the local time is conceptually rather simple as every-
thing is written in the total system’s Hamiltonian: the degrees of freedom
that are relatively strongly coupled and (approximately) unitary evolve in
time constitute a subsystem, i.e. a ”local system” that is defined by its own
local time that flows differently than for some other local systems. Those
findings come from the macroscopic domain in the context of the full quan-
tum mechanical analysis. As distinct from the Copehnagen interpretation,
the local time scheme does not assume or require ”classical apparatus”.
It is remarkable that the local-time scheme is technically simple. It
straightforwardly reproduces (Section 5) some basic results of the standard
decoherence and measurement theory. Amount of quantum coherence in the
total system depends on the system’s state that is reflected by the values
of the ∆t and λ parameters. On the other hand, coarse graining of the
energy- and/or of the pointer-observable-spectrum gives rise to a decrease of
quantum coherence as it is found in some other contexts [36,38,41-44].
In the context of our considerations, operational approach to coarse grain-
ing [36,38,41-44] requires a change in the values of the parameters ∆t and
λ and therefore in the time bound τmin, Section 3.1. In the example of the
microlocal analysis [38], one introduces quasi-projectors and thus redefines
the position observable x and consequently the interaction considered in Sec-
tion 5.4. The introduction of the new sets of eigenvalues and (approximate)
eigenspaces inevitably gives rise to a change in the bound τmin–as it can
be easily shown. Not doing so, as we can see in Section 5, highlights the
observation of Section 3.2, that refining the measurement, i.e. operational
accessibility of the exact, ”microscopic”, eigenvalues, can in principle give
rise to observation of quantum effects in the many-particle systems.
The local time scheme is easily adapted to reproduce the basic assump-
tions of diverse approaches to quantum foundations involving emergent, re-
lational, and fundamental time. First, the scheme admits considerations (in-
terpretation) that physical time is emergent, i.e. not physically fundamental.
To this end, Time is a construct from the fundamental quantum dynamics,
e.g. presented by eq.(5). In this scheme spacetime quantization may be
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undefinable. Second, the Local Time Scheme provides Relational Character
[45] of Common Local Time for interacting particles (subsystems), cf. the
point (b) of Section 2.2. Finally, if time is fundamental, the introduction of
time uncertainty, Section 3, can be interpreted differently. To this end, e.g.
removing of the integration from eq.(9) provides the state ρ(t)|Ψ(t)〉〈Ψ(t)|,
which introduces time as a classical system, T , which extends the quantum
system O+A. Then the total system T +O+A appears, at least formally, as
a ”hybrid system” [46] (and the references therein) that might link quantum
and relativistic theories in a new way [47]. We observe that the local-time
scheme is richer, both conceptually and interpretationally; as well as being
reducible to certain existing theories and interpretations of quantum theory.
To this end, the local-time scheme points out a new, fresh foundation of
quantum theory, along with some recent approaches [48] that also, but not
equivalently, perform in the context of the universally valid Schro¨dinger law.
Mathematically elaborate microscopic models of realistic physical situations,
cf. e.g. [48] (and the references therein), are highly welcome in this context.
Our conclusions do not directly apply to the weak-interaction scenarios
(e.g. the weak-measurement and some Markovian open systems dynamics)
that require separate considerations. Mutual relations between the local
times remains intact in the present paper (but see Ref. [5] for a proposal).
Finally, interpretation of eq.(9) in terms of single system of an ensemble of
identical systems in connection to the above described deeper physical nature
of time might provide a fresh look into the long standing problem of quantum
measurement theory. To this end research is in progress.
7. Conclusion
The local-time scheme of Kitada straightforwardly derives some basic re-
sults of quantum decoherence and measurement theory yet for the isolated
(closed) many-particle system. At the same time, high quantum coherence is
provided for the few-particle systems. Non-necessity of state collapse (reduc-
tion) and environmental influence, technical simplicity as well as interpreta-
tional ramifications regarding the deeper physical nature of time exhibit that
the scheme is worth a pursuit in foundations and interpretation of quantum
theory and measurement.
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Appendix
The typical scattering situation is described as follows. In the laboratory
reference system, there is a fixed many-particle target and e.g. a few-particle
projectile directed to the target. Detected projectile is assumed to be far
from the target that is described by the limit of infinite time, t→∞.
The many-body scattering is truly complex task. It regards all the possi-
ble decompositions of the scattering particles. More precisely: of interest are
all the possible scattering of particles that can be composed of the initially
introduced particles. And for every possible such scenario, one should dis-
card the bound states. Description of this complex picture amounts to the
problem known as the ”problem of asymptotic completeness” in quantum
many-body scattering theory. The important work of Enns opened the door
for a solution of this problem.
Consider an N -particle, isolated (closed) system S with the Hamilto-
nian H and the Hilbert state space H. Denote the individual particles
position and momentum operators by xi and pi, respectively: [xi, pj] =
ı~δij , i, j = 1, 2, 3, ..., N . The total system can be divided into clusters where
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a cluster can consist of arbitrary number of the constituent particles. Let
Sb = {Ci, i = 1, 2, ..., k} be the bth structure (cluster decomposition) of the
total system S with the number k of clusters. We call ”elementary” the
structure in which every particle is one cluster, Se = {{1}, {2}, ..., {N}}–the
corresponding number of clusters is, of course, k = N .
Consider a structure Sb with k clusters, Sb = {C1, C2, ..., Ck}, with Ni par-
ticles in the ith cluster;
∑
iNi = N . For every cluster introduce the center
of mass and the Jacobi relative positions: XbCMi and x
Cbi
l , respectively, where
l = 1, 2, 3..., Ni−1. Then the intracluster variable is defined for the structure
Sb, xb = {xCb1 , xCb2 , ..., xCbk}. For the set of the clusters’ centers of mass, the
Jacobi variables transformation introduce the total system’s center of mass
and the intercluster Jacobi relative variable, {xb1, xb2, ..., xbk}. The related
conjugate Jacobi (momentum) variables, pl and pl, and the commutators
[xli, p
l′
j ] = ı~δijδll′ , and analogously for the intracluster variables. In the posi-
tion representation: ∇l ≡ −ı~∂/∂xli is canonically conjugate to the position
multiplicative variable xli. In the position representation: x
l ∈ R3(N−k) and
xl ∈ R3(k−1). Then the total Hilbert state space, in the standard functional
analysis notation, H = L2(R3N ), can be factorzied:
H = HCM ⊗Hb ⊗Hb, (55)
which is eq.(3) in the main text. By omitting the total CM system from
consideration, eq.(56) reduces to:
H = Hb ⊗Hb, (56)
that is eq.(4) in the main text. For b 6= b′, Hb 6= Hb′ and Hb 6= Hb′ , while
Hb ⊗Hb = Hb′ ⊗Hb′ .
The Hamiltonian for the total system S and for the ”elementary” struc-
ture (with xij = xi − xj):
H =
N∑
i=1
Ti +
N∑
i 6=j=1
V (|xij |), (57)
where T stands for the kinetic term, and the potentials V are the pairwise
interactions.
For the bth structure, bearing in mind the factorization eq.(58), the
Hamiltonian reads [3,4]:
H = Tb ⊗ Ib + Ib ⊗Hb◦ + V (b); (58)
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in eq.(59): T stands for the kinetic term, H◦ for the ”self-Hamiltonian” and
V (b) encapsulates all the interaction terms for the two factor spaces of the
bth structure.
Removing the bound states from consideration is managed as follows.
The projector Pb is introduced for the pure point spectrum of H
b
◦. Let us
now introduce the ”small” projectors PMb , M = 1, 2, 3, ... such that: (i)
PMb Pb = P
M
b and (ii) s − limM→∞ PMb = Pb. From those projectors the
following operator is built: P˜
Mm
b
b = P
Mk
b Pˆ
Mˆm
b
b , where the limit m → ±∞ is
equivalent with M → ∞ and the number of clusters in the bth structure is
k. Without entering the details, the projector Pˆ
Mˆm
b
b projects onto the pure
continuous spectrum of the Hamiltonian for the structure b. Then Enss was
able to prove a theorem that can be concisely presented by eq.(5). This
subtle procedure and the proof can be found in Refs.[1-4] in the main text..
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